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FINITE TIME COLLAPSING OF THE KAHLER-RICCI
FLOW ON THREEFOLDS
VALENTINO TOSATTI AND YUGUANG ZHANG
Abstract. We show that if on a compact Kahler threefold there is a
solution of the Kahler-Ricci ow which encounters a nite time collaps-
ing singularity, then the manifold admits a Fano bration. Furthermore,
if there is nite time extinction then the manifold is Fano and the initial
class is a positive multiple of the rst Chern class.
1. Introduction
A compact Kahler manifold X is said to admit a Fano bration if there
exists a surjective holomorphic map f : X ! Y with connected bers, where
Y is a compact normal Kahler space with 0 6 dimY < dimX and such that
 KX is f -ample. In this case the generic ber of f is a Fano manifold of
dimension dimX   dimY .
The simplest example of a Fano bration is when Y is a point, and X is
a Fano manifold. Other simple examples are obtained by taking X = F Y
where F is a Fano manifold and Y is any compact Kahler manifold. Fano
brations are more general than Mori ber spaces, where one requires in
addition that the relative Picard number of f be equal to 1.
It is easy to see that if X admits a Fano bration then there exists a
Kahler metric !0 on X such that the (unnormalized) Kahler-Ricci ow
(1.1)
8<:
@
@t
!(t) =  Ric(!(t))
!(0) = !0
starting at !0 has a solution dened only for a nite time T > 0, and
Vol(X;!(t)) ! 0 as t ! T (see section 2 for details). We say that the
Kahler-Ricci ow has nite time collapsing. It is known that if this happens
then necessarily the Kodaira dimension of X is  1 (see [10, Proposition
4.2]). See also [10, 12, 13, 14, 23, 27, 33, 34, 35, 38, 37, 41, 42, 47, 48]
and references therein for more results on nite time singularities of the
Kahler-Ricci ow.
In this article we study the converse question, and we formulate precisely
the following conjecture which has been part of the folklore of the subject:
Conjecture 1.1. Let Xn be a compact Kahler manifold. Then there exists
a Kahler metric !0 such that the Kahler-Ricci ow (1.1) has nite time
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collapsing if and only if X admits a Fano bration f : X ! Y . In this case,
we can write
(1.2) [!0] =  2Tc1(KX) + f[!Y ];
for some Kahler metric !Y on Y , where T is the maximal existence time of
the ow.
Since Y need not be smooth, in this statement a Kahler metric on Y is
in the sense of analytic spaces (see e.g. [2, 16, 21, 46]). Also, the factor of
2 in (1.2) is due to our denition of Ricci form, locally given by Ric(!) =
 p 1@@ log det(g), so that [Ric(!)] = 2c1(X).
Conjecture 1.1 is in fact equivalent to the following conjecture in analytic
geometry, which does not mention the Kahler-Ricci ow:
Conjecture 1.2. Let Xn be a compact Kahler manifold. Then X admits a
Fano bration f : X ! Y if and only if there exists a closed real (1; 1) form
 with [] 2 H1;1(X;R) nef, with RX n = 0 and with
[] + c1(X)
a Kahler class, for some positive real number . In this case, we can write
(1.3) [] = f[!Y ];
for some Kahler metric !Y on Y .
In particular, if this conjecture holds, then [] contains a smooth semipos-
itive representative (cf. [42, Conjecture 1], where it is conjectured that this
holds even without the assumption that
R
X 
n = 0). Recall here that a (1; 1)
class is called nef if it lies in the closure of the Kahler cone. As explained in
section 2, it is well-known that Conjecture 1.2 is true if X is projective and
[] 2 H2(X;Q), as a simple consequence of the base-point-free theorem [24],
and in fact more generally when X is projective and [] belongs to the real
Neron-Severi group NSR(X). So our main interest in this problem is when
the manifold X is not projective, or when the class [] is not in NSR(X).
As an aside, we remark that an analogous statement as in Conjecture 1.2
should be true when the class [] satises instead
R
X 
n > 0. In this case
there should exist a bimeromorphic morphism f : X ! Y to a compact
normal Kahler space Y (of dimension n) such that (1.3) holds. This state-
ment follows from the results in [21] if the extremal face in NA(X) of classes
which intersect trivially with [] is in fact a ray (see [21] for notation), but
this is not the case in general.
We also consider the following related conjecture, raised by Tian [41,
Conjecture 4.4] (see also [33]).
Conjecture 1.3. Let (Xn; !0) be a compact Kahler manifold, let !(t) be
the solution of the Kahler-Ricci (1.1), dened on the maximal time interval
[0; T ) with T <1. Then as t! 0 we have
(1.4) diam(X;!(t))! 0;
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if and only if
(1.5) [!0] = c1(X);
for some  > 0.
In other words, nite time extinction happens if and only if the manifold
is Fano and the initial class is a positive multiple of the rst Chern class. Of
course, as we will see in section 3, condition (1.4) implies that Vol(X;!(t))!
0 as t! T .
In general if (1.5) holds, then (1.4) holds thanks to work of Perelman (see
[32]), who proved the stronger result that under the volume-normalized ow
the diameter remains uniformly bounded above. If [!0] 2 H2(X;Q) (so X
is projective), then this conjecture was proved by Song [33].
Our main result is the following.
Theorem 1.4. If n 6 3 then Conjectures 1.1, 1.2 and 1.3 hold.
In fact, we will show in Section 2 that in general Conjectures 1.1 and 1.2
are equivalent (this is essentially elementary), and that Conjecture 1.1 im-
plies Conjecture 1.3, by modifying the arguments in [33] to show that once
we have a Fano bration, if the base Y is not a point then the diameter of
(X;!(t)) does not go to zero. We are then reduced to showing Conjecture
1.2. The case when n = 2 is not hard to deal with. For the case when n = 3,
our main technical tool is the very recent completion of the Minimal Model
Program for Kahler threefolds by Horing-Peternell [21, 22], especially their
construction of Mori ber spaces on a bimeromorphic model of a uniruled
Kahler threefold [22]. Using their results, together with some extra argu-
ments due to the fact that the Fano brations that we seek to construct
are more general than Mori ber spaces, in Section 3 we construct the Fano
bration in the setting of Conjecture 1.2.
In light of these results, it is desirable to study the behavior of the Kahler-
Ricci ow on the total space of a Fano bration, with initial metric satisfy-
ing (1.2). This is in general a very hard problem. When Y is a point this
amounts to studying the Kahler-Ricci ow on Fano manifolds in the anti-
canonical class. In general, it is expected (see [36, 41, 42]) that as t! T the
evolving metrics !(t) converge (in a suitable sense, away from the subvariety
f 1(S) where S  Y is the critical locus of f together with the singular set
of Y ) to f!Y for some Kahler metric on Y nS. Furthermore (X;!(t)) is
expected to converge in the Gromov-Hausdor topology to the metric com-
pletion of (Y nS; !Y ), which should be homeomorphic to Y . Lastly, for any
given ber Xy = f
 1(y); y 2 Y nS, the rescaled metrics !(t)T t

Xy
should con-
verge in a suitable sense to a (possibly singular) Kahler-Ricci soliton. These
results are essentially known when Y is a point (see [9, 29, 32]), and some
progress has been made in the case of projective bundles [13, 14, 35, 38],
but not much more is known in general.
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2. Finite time collapsing
In this section we prove Conjectures 1.1 and 1.2 when n 6 3.
For the moment we work in general dimension n, and will restrict to n 6 3
later on.
To start, we make the following useful observation, which is well-known
in the projective case (see [20, Proposition II.7.10]). We refer the reader for
example to [2, 16, 21, 46] for the denition and basic properties of Kahler
metrics on compact complex analytic spaces. Unless otherwise stated, the
analytic spaces that we consider are reduced, irreducible, but not necessarily
normal.
Lemma 2.1. Let f : X ! Y be a surjective holomorphic map with connected
bers, where X is a compact Kahler manifold and Y is a compact normal
Kahler space with 0 6 dimY < dimX. Then  KX is f-ample if and only if
there exists a Kahler metric !Y on Y such that f
[!Y ] c1(KX) is a Kahler
class on X.
Proof. Assume that  KX is f -ample. By denition this means that there
exists ` > 1 such that if we consider the coherent sheaf F = f( `KX) on
Y , then the natural map ff( `KX) !  `KX is surjective and denes
an embedding  : X ,! P(F) := ProjY (Sym(F)); such that f =   
where  : P(F) ! Y is the projection, and so that  `KX = OP(F)(1).
Of course  KX being f -ample also implies that the map f is projective,
and this implies that f is a Kahler morphism (in the sense of [16]). More
precisely we can nd a metric h on  `KX whose curvature form ! is positive
denite on all the bers, see e.g. [2, Lemma 4.19], [16, Lemma 4.4] or [46,
Proposition II.1.3.1], and then it follows that given any Kahler metric !Y
on Y there exists A > 0 large enough so that Af!Y +! is a Kahler metric
on X (see again [16, Lemma 4.4] or [46, Proposition II.1.3.1]), which is in
the class f[A!Y ]  `c1(KX).
Conversely, if we have that f[!Y ]   c1(KX) is a Kahler class on X, for
some Kahler class [!Y ] on Y , then  KX is f -ample. Indeed, for every
ber F of f (which may be singular) we have that  KX jF is a holomorphic
line bundle with a smooth metric with strictly positive curvature form (in
the sense of analytic spaces). Grauert's version of the Kodaira embedding
theorem for analytic spaces [18] (see also [3, Theorem 1.1]) implies that
 KX jF is ample, and this is equivalent to  KX being f -ample, see e.g. [3,
Proposition 1.4]. 
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We can now show the easy direction of Conjecture 1.1, namely that on
every Fano bration there always exists a solution of the Kahler-Ricci ow
(1.1) which collapses in nite time. Given f : X ! Y a Fano bration, by
Lemma 2.1 there exists a Kahler metric !Y on Y such that [!0] = f
[!Y ] 
c1(KX) is a Kahler class on X. Then the Kahler-Ricci ow starting at
any Kahler metric !0 in this class has a nite time singularity at time
1
2
(thanks to the cohomological characterization of the maximal existence time
of (1.1) given in [44, 45, 43]) and the total volume of X goes to zero as time
approaches 12 , because the limiting class [!0] + c1(KX) = f
[!Y ] satisesR
X(f
!Y )n = 0.
We can also show the easy direction of Conjecture 1.2. Let f : X ! Y be
a Fano bration, and x !Y a Kahler metric on Y (in the sense of analytic
spaces) as in Lemma 2.1, so that f[!Y ]   c1(KX) is a Kahler class on X.
Then  = f!Y is a smooth nonnegative real (1; 1) form on X, and so its
cohomology class is nef, and satises
R
X 
n = 0 and [] + c1(X) is a Kahler
class, as required.
Next we show:
Theorem 2.2. Conjectures 1.1 and 1.2 are equivalent.
Proof. Since we have just shown that the easy directions of both conjectures
always hold, it is enough to show that the other directions are equivalent.
Assume rst that Conjecture 1.1 holds, and let [] 2 H1;1(X;R) be a nef
class with
R
X 
n = 0 and with [] + c1(X) Kahler for some  > 0. Fix a
Kahler metric !0 in this class, and consider its evolution by the Kahler-Ricci
ow (1.1). The class of the evolved metric !(t) is
[!(t)] = [!0]  2tc1(X) = [] + (  2t)c1(X) =

1  2t


[!0] +
2t

[]:
For 0 6 t < 2 this is a sum of a Kahler class and a nef class, and so
it is Kahler, while for t = 2 this equals [] which is nef but not Kahler
since
R
X 
n = 0. Then the cohomological characterization of the maximal
existence time T of (1.1) given in [44, 45, 43] shows that T = 2 < 1 and
the limiting class is []. Therefore the Kahler-Ricci ow !(t) has nite time
collapsing, and by Conjecture 1.1, X admits a Fano bration. Also by (1.2)
we can write [!0] =  c1(KX) + f[!Y ]; for some Kahler metric !Y on Y ,
and so [] = f[!Y ], i.e. (1.3) holds.
Assume conversely that Conjecture 1.2 holds, and let !0 be a Kahler
metric on X such that the Kahler-Ricci ow (1.1) has nite time collapsing
at time T <1. The limiting class of the ow is
[] = [!0]  2Tc1(X);
which is nef, satises
R
X 
n = 0, and [] + 2Tc1(X) is Kahler. Therefore
Conjecture 1.2 gives us a Fano bration f : X ! Y , and [] = f[!Y ] for
some Kahler metric !Y on Y , which shows (1.2). 
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So we are left to we consider the converse implication in Conjecture 1.2,
and so we assume we have a nef class [] with
R
X 
n = 0 and with [] +
c1(X) Kahler for some  > 0. We have the following simple remark (cf.
[10, Proposition 4.2]).
Lemma 2.3. If Xn is a compact Kahler manifold which has a nef class []
with
R
X 
n = 0 and with [] + c1(X) Kahler for some  > 0. Then KX is
not pseudoeective, and therefore (X) =  1.
Proof. If KX is pseudoeective, then so is the class  c1(X). The class []
is therefore the sum of a Kahler class and a pseudoeective class, and so it is
big (in the sense that it contains a Kahler current). But a nef and big class
always has
R
X 
n > 0, by [4, Theorems 4.1 and 4.7], and this contradicts our
assumption. Also, in general KX not pseudoeective implies (X) =  1,
since if (X) > 0 then some power K
`X (` > 1) is eective, and so KX is
pseudoeective. 
A well-known conjecture says that if KX is not pseudoeective, then X
is uniruled. This is proved in [5] in the projective case, and is also known in
the Kahler case if n 6 3 by [6].
If we assume now that X is projective and [] 2 H2(X;Q), so there is an
integer m > 1 such that [m] = c1(L) for some holomorphic line bundle L,
then it is well-known that Conjecture 1.2 holds. Indeed, by assumption we
have that [] +c1(X) is a Kahler class, and since this is an open condition
we may assume that  = pq > 0 is positive and rational. Up to increasing m
we may assume that m > 1 is an integer, and we x !0 a Kahler metric in
the class [m] +mc1(X). Then we have
c1(L KX) = [!0] + (m  1)c1(KX) = 1
m
[!0] +

1  1
m

c1(L);
is a Kahler class (since it is sum of a Kahler and a nef class), i.e. L KX is
ample. The base-point-free theorem (see [24]) then shows that kL is base-
point-free for some k > 1, and so it induces a holomorphic map f : X ! Y
onto a normal projective variety Y , so that f has connected bers and kL
is linearly equivalent to the pullback of an ample divisor under f . This
implies that [] = f[!Y ] for some Kahler metric !Y on Y , and since we
have that
R
X 
n = 0, this implies that 0 6 dimY < dimX. By construction,
a multiple of  KX is linearly equivalent to the sum of an ample line bundle
and the pullback of a line bundle from Y , and so f is a Fano bration and
(1.3) holds.
An extension of this argument deals with the more general case when []
belongs to the real Neron-Severi group
NSR(X) = (H
1;1(X;R) \H2(X;Q))
 R:
This is identied with the space of R-divisors modulo numerical equivalence,
and is a subspace of H1;1(X;R), in general of smaller dimension.
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Proposition 2.4. Conjecture 1.2 holds if X is projective and [] 2 NSR(X).
In particular, Conjecture 1.2 holds if
H2;0(X) = 0:
Proof. By assumption we have  = c1(D) where D is a nef R-divisor, and
c1(D   KX) is a Kahler class for some positive real number , i.e. A :=
D   KX is an ample R-divisor. Then the base-point free theorem for R-
divisors [19, Theorem 7.1] shows that D is semiample, in the sense that
there exists a surjective morphism f : X ! Y to a normal projective variety
Y , with connected bers, and such that D is R-linearly equivalent to fH
where H is an ample R-divisor on Y . Therefore [] is the pullback of a
Kahler class on Y , and as before this implies that dimY < dimX. We
also have that  KX is R-linearly equivalent to 1(A  fH), and so  KX is
f -ample.
For the last item, it is enough to remark that H2;0(X) = 0 implies that
X is projective (an old result of Kodaira), and that H1;1(X;R) = NSR(X)
(thanks to the Hodge decomposition on H2(X;C)). 
Corollary 2.5. Conjecture 1.2 holds when n = 2.
Proof. Indeed we have (X) =  1 by Lemma 2.3, and when n = 2 this
implies that H0(X;KX) = H
2;0(X) = 0, and we conclude by Proposition
2.4. 
Finally we deal with the case when n = 3.
Theorem 2.6. Conjecture 1.2 holds when n = 3.
Proof. We have a nef class [] with
R
X 
3 = 0 and with [] + c1(X) =
[!0] for some Kahler metric !0 and some  > 0. Recall that KX is not
pseudoeective, by Lemma 2.3. Thanks to the main theorem of [6] it follows
that X is uniruled. Let X 99K B be the MRC bration of X (constructed
in [7], see also [8, 25]), which satises dimB < 3 because X is uniruled.
If dimB = 0 then X is rationally connected (and since it is Kahler, it
must be projective thanks to [7, Corollaire, p.212]), and so H2;0(X) = 0
and Conjecture 1.2 holds thanks to Proposition 2.4. If dimB = 1 then
X ! B is holomorphic everywhere, B is a compact Riemann surface of
genus at least 1, and the general ber F is rationally connected (and hence
again projective). Therefore we have H1;0(F ) = H2;0(F ) = 0 and this easily
implies that H2;0(X) = 0 and so Conjecture 1.2 holds in this case as well.
Therefore we can assume that dimB = 2, and the general ber F of
the MRC bration is isomorphic to CP1. Following [22], we call a Kahler
class [!] on X normalized if
R
F ! = 2. We will apply the results of Horing-
Peternell in [21, 22], and we are grateful to Andreas Horing for his help with
the following arguments.
We consider the Kahler class [!] = 1 [!0], so that c1(KX) + [!] =
1
 [] is
a nef class. Let
 =
2R
F !
> 0;
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so that [!] is normalized. By adjunction we have
R
F c1(KX) =  2, and
since c1(KX) + [!] is nef we also haveZ
F
(c1(KX) + !) > 0;
and so  6 1.
Assume that [!] is not normalized, i.e. that  < 1. Thanks to [22,
Lemma 3.3] the class c1(KX)+[!] is pseudoeective, and so c1(KX)+[!] =
(c1(KX)+[!])+(1 )[!] is big. Since this equals [], we get a contradiction
to the fact that
R
X 
3 = 0 (using again [4, Theorems 4.1 and 4.7] as in
Lemma 2.3).
Therefore [!] is normalized, and we can then apply [22, Theorem 1.4]
and obtain a holomorphic map f : X ! Y onto a normal compact complex
surface Y , such that f has connected bers and a curve C  X satises
f(C) is a point if and only if
R
C(c1(KX) + !) = 0. Therefore  KX is
f -nef and its restriction to a generic ber of f is big. Relative Kawamata-
Viehweg vanishing for complex spaces [1, Theorem 2.1] (cf. [28]) implies
that RifOX = OY for all i > 0, and then [26, Theorem 1] gives that Y has
at worst rational singularities (the proof there uses Grothendieck duality
and Grauert-Riemenschneider vanishing, but these have been extended to
the analytic setting in [30, 31] and [40] respectively). This in turn implies
that Y is a Kahler space, for example by [17].
From the construction of f in the proof of [22, Theorem 1.4], we obtain a
commutative diagram
(2.1)
 
q    ! Z
p
??y ??y
X
f    ! Y
where   is a compact Kahler manifold (in [22]   is just a compact analytic
space in class C, but we may replace it with a resolution of singularities),
p is a modication, Z is a smooth Kahler surface, and  is the contraction
of an eective divisor E  Z, which is the null locus of a nef and big (1; 1)
class [] on Z, such that q[] = p[].
Since Y has rational singularities, it follows from [21, Lemma 3.3] that
[] = [] for a (1; 1) class [] on Y (see e.g. [21] for the denition of
(1; 1) classes on normal analytic spaces). In fact, [] is a Kahler class (in
the sense of analytic spaces). To see this, let K be a Kahler current on
Z in the class [] which is singular only along the null locus of [], which
exists thanks to [10, Theorem 1.1] (the proof there simplies vastly in the
case at hand, since dimZ = 2). Then the pushforward current K has
local potentials everywhere on Y and belongs to the class [] thanks to [21,
Lemma 3.4], and it is a smooth Kahler metric away from (Exc()), which
is a nite set. It is then easy to produce a Kahler metric in the class [],
by modifying the local potentials of K near each point in (Exc()) by
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taking the regularized maximum of the local potential and jzj2 C in a local
chart (C is a suciently large constant), see e.g. [10, Lemma 3.1] or [21,
Remark 3.5].
Since p(f[]  []) = 0, and p is injective, we conclude that f[] = [],
i.e. (1.3) holds. In other words, we have obtained that
 c1(KX) = [!0]  f[];
which implies that  KX is f -ample. 
3. Finite time extinction
In this section we prove Conjecture 1.3 when n 6 3. As we remarked in
the introduction, it suces to show that (1.4) implies (1.5).
First, we make the following general observation.
Lemma 3.1. (Xn; !0) be a compact Kahler manifold, let !(t) be the solution
of the Kahler-Ricci (1.1), dened on the maximal time interval [0; T ) with
T <1, and such that
(3.1) diam(X;!(t))! 0;
as t! 0. Then we have that
(3.2) Vol(X;!(t))! 0;
as well, so that the ow exhibits nite time collapsing.
Proof. As usual let [] = [!0]   2Tc1(X) be the limiting class along the
ow. If we had Z
X
n > 0;
then [10, Theorem 1.5] shows that on the Zariski open set XnNull() we
have smooth convergence of !(t) to a limiting Kahler metric !T on this set.
In particular, the diameter of (X;!(t)) cannot go to zero. 
From now on we assume that (1.4) holds. In particular, thanks to [10,
Proposition 4.2] (or Lemma 2.3), we have that KX is not pseudoeective.
Of course the content of Conjecture 1.3 is to show that the limiting class 
is zero.
The following is the main result of this section:
Theorem 3.2. If Conjecture 1.1 holds for X, then Conjecture 1.3 holds as
well.
In particular, combining this with Theorem 2.2, Corollary 2.5 and Theo-
rem 2.6, we obtain the proof of Theorem 1.4. We also see that Conjecture
1.3 holds under the same hypotheses of Proposition 2.4 (a fact which was
already mentioned in [33, Remark 1.1]). The proof of this theorem is a
modication of the arguments in [33].
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Proof. Thanks to Lemma 3.1 we are in the setup of Conjecture 1.1, and so
we have a Fano bration f : X ! Y such that [!0] =  c1(KX) + f[!Y ];
for some  > 0 and some Kahler metric !Y on Y (in the sense of analytic
spaces). The maximal existence time for the ow is thus T = 2 , and the
limiting class is [] = f[!Y ]. Then f!Y is a smooth semipositive (1; 1)
form on X (this follows easily from the denition of Kahler metrics and
holomorphic maps between analytic spaces), in the limiting class []. We
then write
!^t =
1
T
((T   t)!0 + tf!Y );
which are Kahler metrics for all 0 6 t < T , and we have
!(t) =
1
T
((T   t)!0 + tf!Y ) +
p 1@@'(t);
where '(t) solves the parabolic complex Monge-Ampere equation
(3.3)
8<:
@
@t
'(t) = log
(!^t +
p 1@@'(t))n


'(0) = 0
and 
 is a smooth positive volume form with
p 1@@ log 
 = 1T (f!Y  !0).
A simple maximum principle argument gives j'(t)j 6 C on X  [0; T ).
We now want to use the usual Schwarz Lemma argument to show that on
X  [0; T ) we have
(3.4) !(t) > C 1f!Y :
To prove this, we rst claim that at every point where tr!(t)(f
!Y ) > 0 we
have
(3.5)

@
@t
 

log tr!(t)(f
!Y ) 6 Ctr!(t)(f!Y ):
To see this, recall that by denition of a Kahler metric on a compact Kahler
space, given every point y 2 Y there exists an open neighborhood U of y in Y
with an embedding U ,! CN , and a smooth and strictly plurisubharmonic
function  on CN , such that !Y equals the restriction of
p 1@@ to U .
Clearly if y is a smooth point of Y this just says that !Y is a usual Kahler
metric near y. Therefore if x 2 X is a point with tr!(t)(f!Y )(x) > 0 and
f(x) is a smooth point of Y , then (3.5) holds near x thanks to a standard
\Schwarz Lemma" calculation (see e.g. [39, Theorem 3.2.6]).
If on the other hand we have tr!(t)(f
!Y )(x) > 0 but f(x) is a singular
point of Y , then we choose a neighborhood U of f(x) as above, so that !Y
equals the restriction of
p 1@@ to U . On f 1(U) we then have the com-
posite holomorphic map ~f : f 1(U) ! CN of f and the local embedding,
such that on f 1(U) we have f!Y = ~f
p 1@@. Then we can apply the
same Schwarz Lemma calculation as in [39, Theorem 3.2.6], to the holomor-
phic map between Kahler manifolds ~f : (f 1(U); !(t)) ! (CN ;p 1@@),
and (3.5) then holds on f 1(U).
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On the other hand we also have
@
@t
 

'(t) = _'(t) n+tr!(t)!^t > log
!(t)n


 n+1
4
tr!(t)(f
!Y )+
1
2
tr!(t)!^t;
provided that t is suciently close to T , which we may always assume.
Therefore, if we choose A large enough, we have that
@
@t
 

(log tr!(t)(f
!Y ) A'(t))
6  tr!(t)(f!Y )  tr!(t)!^t  A log
!(t)n


+An;
at all points where tr!(t)(f
!Y ) > 0. Therefore
@
@t
 

log tr!(t)(f
!Y ) A'(t) An(T   t)(log(T   t)  1)

6  tr!(t)(f!Y )  tr!(t)!^t  A log
!(t)n
(T   t)n
 +An;
which combined with
tr!(t)!^t >
T   t
T
tr!(t)!0 > C 1

(T   t)n

!(t)n
 1
n
> A log (T   t)
n

!(t)n
  C;
gives
@
@t
 

log tr!(t)(f
!Y ) A'(t) An(T   t)(log(T   t)  1)

6  tr!(t)(f!Y ) + C;
and a simple application of the maximum principle then gives (3.4).
Lastly, using (3.4) we can use the same argument as in [33, Theorem 4.1]
and conclude that if B is a geodesic ball of !Y contained in the regular part
of Y then the diameter of f 1(B) (as a subset of X) with respect to !(t)
is bounded below by a small multiple of the diameter of B with respect
to !Y , and hence remains bounded uniformly away from zero as t ! T , a
contradiction to our assumption (1.4). 
To close, we make two simple observations.
Remark 3.3. Assuming that (1.4) holds, then the main result of [23] shows
that H1(X;R) = 0. This of course is consistent with Conjecture 1.3, since
Fano manifolds have vanishing rst Betti number.
Remark 3.4. To prove Conjecture 1.3 in general, it would be enough to
show that if (1.4) holds then the L1-type normZ
X
j!(t)j!0!n0 ;
or the equivalent quantity Z
X
!(t) ^ !n 10 ;
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goes to zero as t! T . Indeed, any of these would imply thatZ
X
 ^ !n 10 = 0;
and the Khovanskii-Teissier inequality for nef classes (see e.g. [15])Z
X
 ^ !n 10 >
Z
X
2 ^ !n 20
 1
2
Z
X
!n0
 1
2
;
implies that
R
X 
2 ^ !n 20 = 0: The result now follows from the Hodge-
Riemann bilinear relations on Kahler manifolds, proved in [11]. Indeed,
following their notation, we set !1 =    = !n 1 := !0, so that the conditionR
X ^!n 10 = 0 says that  2 P 1;1(X), while the condition
R
X 
2^!n 20 = 0
says that Q(; ) = 0. Since by [11, Theorem A] the bilinear form Q is
positive denite on P 1;1(X), this implies that  = 0, as required.
References
[1] V. Ancona Vanishing and nonvanishing theorems for numerically eective line bundles
on complex spaces, Ann. Mat. Pura Appl. (4) 149 (1987), 153{164.
[2] J. Bingener On deformations of Kahler spaces. I, Math. Z. 182 (1983), no. 4, 505{535.
[3] J. Bingener On deformations of Kahler spaces. II, Arch. Math. (Basel) 41 (1983), no.
6, 517{530.
[4] S. Boucksom On the volume of a line bundle, Internat. J. Math. 13 (2002), no. 10,
1043{1063.
[5] S. Boucksom, J.-P. Demailly, M. Paun, T. Peternell The pseudo-eective cone of a
compact Kahler manifold and varieties of negative Kodaira dimension, J. Algebraic
Geom. 22 (2013), no. 2, 201{248.
[6] M. Brunella A positivity property for foliations on compact Kahler manifolds, Inter-
nat. J. Math. 17 (2006), no. 1, 35{43.
[7] F. Campana Coreduction algebrique d'un espace analytique faiblement kahlerien com-
pact, Invent. Math. 63 (1981), no. 2, 187{223.
[8] F. Campana Connexite rationnelle des varietes de Fano, Ann. Sci. Ecole Norm. Sup.
(4) 25 (1992), no. 5, 539{545.
[9] X.X. Chen, B. Wang Space of Ricci ows (II), preprint, arXiv:1405.6797.
[10] T. Collins, V. Tosatti Kahler currents and null loci, to appear in Invent. Math.
[11] T.-C. Dinh, V.-A. Nguyen The mixed Hodge-Riemann bilinear relations for compact
Kahler manifolds, Geom. Fuct. Anal. 16 (2006), 838{849.
[12] M. Feldman, T. Ilmanen, D. Knopf Rotationally symmetric shrinking and expanding
gradient Kahler-Ricci solitons, J. Dierential Geom. 65 (2003), no. 2, 169{209.
[13] F. T.-H. Fong Kahler-Ricci ow on projective bundles over Kahler-Einstein manifolds,
Trans. Amer. Math. Soc. 366 (2014), no. 2, 563{589.
[14] F. T.-H. Fong On the collapsing rate of the Kahler-Ricci ow with nite-time singu-
larity, J. Geom. Anal. 25 (2015), no. 2, 1098{1107.
[15] J. Fu, J. Xiao Teissier's problem on proportionality of nef and big classes over a
compact Kahler manifold, arXiv:1410.4878.
[16] A. Fujiki Closedness of the Douady spaces of compact Kahler spaces, Publ. Res. Inst.
Math. Sci. 14 (1978), no. 1, 1{52.
[17] A. Fujiki Kahlerian normal complex surfaces, Tohoku Math. J. 35 (1983), 101{117.
[18] H. Grauert Uber Modikationen und exzeptionelle analytische Mengen, Math. Ann.
146 (1962), 331{368.
[19] C.D. Hacon, J. McKernan On the existence of ips, arXiv:math.AG/0507597.
FINITE TIME COLLAPSING 13
[20] R. Hartshorne Algebraic geometry, Springer, 1977.
[21] A. Horing, T. Peternell Minimal models for Kahler threefolds, to appear in Invent.
Math.
[22] A. Horing, T. Peternell Mori bre spaces for Kahler threefolds, J. Math. Sci. Univ.
Tokyo 22 (2015), 1{28.
[23] T. Ilmanen, D. Knopf A lower bound for the diameter of solutions to the Ricci ow
with nonzero H1(Mn;R), Math. Res. Lett. 10 (2003), no. 2-3, 161{168.
[24] Y. Kawamata, K. Matsuda, K. Matsuki Introduction to the minimal model problem,
in Algebraic geometry, Sendai, 1985, 283{360, Adv. Stud. Pure Math., 10, North-
Holland, Amsterdam, 1987.
[25] J. Kollar, Y. Miyaoka, S. Mori Rationally connected varieties, J. Algebraic Geom. 1
(1992), no. 3, 429{448.
[26] S.J. Kovacs A characterization of rational singularities, Duke Math. J. 102 (2000),
no. 2, 187{191.
[27] G. La Nave, G. Tian Soliton-type metrics and Kahler-Ricci ow on symplectic quo-
tients, arXiv:0903.2413, to appear in J. reine angew. Math.
[28] N. Nakayama The lower semicontinuity of the plurigenera of complex varieties, in Al-
gebraic geometry, Sendai, 1985, 551{590, Adv. Stud. Pure Math., 10, North-Holland,
Amsterdam, 1987.
[29] D.H. Phong, J. Sturm On stability and the convergence of the Kahler-Ricci ow, J.
Dierential Geom. 72 (2006), no. 1, 149{168.
[30] J.-P. Ramis, G. Ruget Residus et dualite, Invent. Math. 26 (1974), 89{131.
[31] J.-P. Ramis, G. Ruget, J.-L. Verdier Dualite relative en geometrie analytique com-
plexe, Invent. Math. 13 (1971), 261{283.
[32] N. Sesum, G. Tian Bounding scalar curvature and diameter along the Kahler Ricci
ow (after Perelman), J. Inst. Math. Jussieu 7 (2008), no. 3, 575{587.
[33] J. Song Finite time extinction of the Kahler-Ricci ow, Math. Res. Lett. 21 (2014),
no. 6, 1435{1449.
[34] J. Song Ricci ow and birational surgery, arXiv:1304.2607.
[35] J. Song, G. Szekelyhidi, B. Weinkove The Kahler-Ricci ow on projective bundles,
Int. Math. Res. Not. 2013, no. 2, 243{257.
[36] J. Song, G. Tian The Kahler-Ricci ow on surfaces of positive Kodaira dimension,
Invent. Math. 170 (2007), no. 3, 609{653.
[37] J. Song, Y. Yuan Metric ips with Calabi ansatz, Geom. Funct. Anal. 22 (2012), no.
1, 240{265.
[38] J. Song, B. Weinkove The Kahler-Ricci ow on Hirzebruch surfaces, J. Reine Angew.
Math. 659 (2011), 141{168.
[39] J. Song, B. Weinkove Introduction to the Kahler-Ricci ow, Chapter 3 of `Introduction
to the Kahler-Ricci ow', eds S. Boucksom, P. Eyssidieux, V. Guedj, Lecture Notes
Math. 2086, Springer 2013.
[40] K. Takegoshi Relative vanishing theorems in analytic spaces, Duke Math. J. 52 (1985),
no. 1, 273{279.
[41] G. Tian New results and problems on Kahler-Ricci ow, Asterisque No. 322 (2008),
71{92.
[42] G. Tian Finite-time singularity of Kahler-Ricci ow, Discrete Contin. Dyn. Syst. 28
(2010), no. 3, 1137{1150.
[43] G. Tian, Z. Zhang On the Kahler-Ricci ow on projective manifolds of general type,
Chinese Ann. Math. Ser. B 27 (2006), no. 2, 179{192.
[44] H. Tsuji Existence and degeneration of Kahler-Einstein metrics on minimal algebraic
varieties of general type, Math. Ann. 281 (1988), no. 1, 123{133.
[45] H. Tsuji Degenerate Monge-Ampere equation in algebraic geometry., in Miniconfer-
ence on Analysis and Applications (Brisbane, 1993), 209{224, Proc. Centre Math.
Appl. Austral. Nat. Univ., 33, Austral. Nat. Univ., Canberra, 1994.
14 V. TOSATTI AND Y. ZHANG
[46] J. Varouchas Kahler spaces and proper open morphisms, Math. Ann. 283 (1989), no.
1, 13{52.
[47] Z. Zhang Scalar curvature behavior for nite-time singularity of Kahler-Ricci ow,
Michigan Math. J. 59 (2010), no. 2, 419{433.
[48] Z. Zhang Ricci lower bound for Kahler-Ricci ow, Commun. Contemp. Math. 16
(2014), no. 2, 1350053, 11 pp.
Department of Mathematics, Northwestern University, 2033 Sheridan Road,
Evanston, IL 60208
E-mail address: tosatti@math.northwestern.edu
Yau Mathematical Sciences Center, Tsinghua University, Beijing 100084,
P.R.China.
E-mail address: yuguangzhang76@yahoo.com
